Chapter 8 


Final problem set 


8.1 Applications 


19. Let a,b,c be positive numbers such that abc = 1. Prove that 


ores fete CPE <a, 
b+1 c+1 a+l17~ 


(Vasile Cértoaje, MC, 2005) 


20. Let a,b,c be positive numbers such that abc = 1. Prove that 


a b Cc ~ 3 
Veg Vers Vers” 2 


(Vasile Cértoaje, MS, 2005) 


21. Let a,b,c be non-negative numbers such that a+ b+ c= 3. Prove that 


5—3bc 5-—3ca 5-—3ab 
>a 


l+a 1+6 l+e” 


(Vasile Cértoaje, MS, 2005) 


22. Let a,b,c,d be non-negative numbers such that a? + b? + c? + d? = 4. 
Prove that 


(abc)? + (bed)? + (eda)? + (dab)? < 4. 
(Vasile Cértoaje, MS, 2004) 
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23. Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a pbb Cc 24 
V 4a+ 5b ° 4b + 5c ° V 4c+ 5a — 


(Vasile Cirtoaje, GM-A, 1, 2004) 


24. Let a,,a2,...,@, be positive numbers. Prove that 
(a) (a1 + a2 +--+ + an)? 2 gai: 
(a? +1)(a8+1)...(a2+1)7 nm? ? 
(6) a tazte tan 2 (2n-1)"? 
(af+1)(a3+1)...(a2+1)7~  2™nr-1 


(Vasile Cértoaje, GM-B, 6, 1994) 


25. Let a,,a2,...,@, and bj, b2,...,6, be real numbers. Prove that 
2 
apbit-+anbntylaz+ + + a2) (BE + + + BB) > —(art-- pain) (bit +0). 


(Vasile Cértoaje, Kvant, 11, 1989) 


26. Let k and n be positive integers with k < n, and let aj,a2,...,@n be 
real numbers such that aj < ag <-+-+<a,. Prove that 


(ay +agt--++ Gin) > (a1 an41 + a2aK42 + +++ + anar) 


in the following cases: 
(a) for n = 2k; 
(b) for n = 4k. 
(Vasile Cirtoaje, CM, 5, 2005) 


27. Let a,b,c,d be positive numbers such that abcd = 1. Prove that 


1 1 1 
l+at+a+a3' 14+64+0+B ' l+et+t+ 


1. 


1 
= 
1+d+d?+d3 — 
(Vasile Cirtoaje, GM-B, 11, 1999) 


28. If a,b,c are non-negative numbers, then 


9(a* + 1)(b4 +. 1)(e4 4-1) > 8(a7b?e? + abe + 1). 


(Vasile Cirtoaje, GM-B, 3, 2004) 
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29. If a,b,c,d are non-negative numbers, then 


1+a@)(1+)(14+)(1 @) | 1+abed 
(l+a)14+R2)0+e2)14+a)> 2 | 


(Vasile Cértoaje, GM-B, 10, 2002) 


30. Let a,b,c be non-negative numbers, no two of which are zero. Then, 


1 1 1 9 
| = é 
a2+ab+b? b+be+c c%+ca+a? ~ (a+b+c) 


(Vasile Cirtoaje, GM-B, 9, 2000) 


31. Let a,b,c be positive numbers, and let 
1 1 1 
et=at--1,y=b4+--1, z=c4+--1. 
b c a 
Prove that 
rytyz+ 22 > 3. 
(Vasile Cértoaje, GM-B, 1, 1991) 
32. Let a,b, c be positive numbers, no two of which are zero. If n is a positive 
integer, then 
20 DO 20a 2 aa ale = 
B—be+2 ' e-—cat+a2  at—ab+h ~ 


(Vasile Cirtoaje, GM-B, 1, 2004) 


33. Let 0 <a < band let aj, a2,...,an € [a,b]. Prove that 


ay + ag +++ + an — n/aqay..-Gn < (n—1) (Vb- Va). 


(Vasile Cirtoaje and Gabriel Dospinescu, MS, 2005) 


34. Let a,b,c and z, y, z be positive numbers such that r+ y+z=a+b+e. 
Prove that 
ax’ + by”? + cz" + xyz > Aabe. 


(Vasile Cirtoaje, GM-A, 4, 1987) 


35. Let a,b,c and zx, y, z be positive numbers such that r+ y+z=a+b+t+c. 


Prove that 
x(3a+a) y(3yta)  2(3z+a) 
> 12. 
be ca ab 
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36. Let a,b,c be positive numbers such that a? + b? + c? = 3. Prove that 


a b Ox 9 
be ae EB 


37. Let a1, a2,...,@n be positive numbers such that aja2...a, = 1. Prove 
that 
1 1 1 4n 
peace >nt+2. 
ay ag an N+ ay + a2 +++ + Gn 


(Vasile Cirtoaje, MS, 2005) 


38. Let a1, a9,...,@n be positive numbers such that aja2...a, = 1. Prove 
that 
wert L 1 1 
a, + a24 +A, —-n+1> n+1 
at a2 An 


(Vasile Cértoaje, MS, 2006) 


39. Let r>1 and let a, b,c be non-negative numbers such that ab+bc+ca=3. 
Prove that 
a’(b+c)+0'(c+a)+c'(a+b) >6. 


40. Let a,b,c be positive real numbers such that abc > 1. Prove that 
(a) atbece > iF: 
(b)  abbec® > 1. 
(Vasile Cirtoaje, CM, 4, 2005) 


41. Let a,b,c,d be non-negative numbers. Prove that 


4(a® +b? +c + d®) + 15(abe + bed + eda + dab) > (a+b+c+d)’. 


42. Let a,b,c be positive numbers such that 


a Cc 
Prove that 1 1 1 
4 | 4 | 4 | | 
(a* +5 ret) (— baat =) = 2304. 


(Vasile Cirtoaje, MC, 2005) 
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43. Let a,b,c be positive numbers. Prove that 


1 1 1 2 
> : 
a2+2be 82 4+2ca c2+2ab°~ abt+be+ca 


(Vasile Cértoaje, MS, 2005) 


44. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 


a(b + c) 
a? + 2bc 


b(c + a) 
b2 + 2ca 


c(a + b) _ ab+ be + ca 
a b2 4+ 2" 


c2 + 2ab — 
(Vasile Cirtoaje, MS, 2006) 


45. Let a,b,c be non-negative numbers, no two of which are zero. Then 


(b+) 


2 2 
(ct+a)* | (a+b) ik 
a2 + be 


e+e) ce+ab — 


(Peter Scholze and Darij Grinberg, MS, 2005) 


46. Let a,b,c be non-negative numbers, no two of which are zero. Then 


b+e oe OneOh. » a+b 6 
2a? + be 22 +ab~ atb+c 


© 2b? + ca | 
(Vasile Cirtoaje, MS, 2006) 


47. If a,b,c are non-negative numbers, then 


ay/a2 + 3bc 4 by/b2 + 3ca 4 ale + 3ab > 2(ab + bc + ca). 
(Vasile Cértoaje, MS, 2005) 


48. Let a,b,c be non-negative numbers, no two of which are zero. Then 


a* — be b? — ca c2 — ab 


2 
Vaz+be Vb?+ca Vc%+ab 
(Vasile Cirtoaje, MS, 2005) 


49. If a,b,c are non-negative numbers, then 


(a? — be)\/a2 + 4be + (b* — ca)\/b? + 4ca + (c* — ab) Vc? + 4ab > 0. 


(Vasile Cértoaje, MS, 2005) 
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50. If a,b,c are positive numbers, then 
a? — be b? — ca c? — ab ~ 
T = 
(B+ (b+02 B+ (eta)? 82+ (a+b)? 
(Vasile Cirtoaje, MS, 2006) 
51. If a,b,c are non-negative numbers, then 
3 
Va? + be + V0? + ca+ Ve? + ab < 5 (a+b+0e). 
(Pham Kim Hung, MS, 2005) 
52. Let a,b,c be non-negative numbers such that a? + b? + c? = 3. Then, 
21+ 18abc > 13(ab + be + ca). 
(Vasile Cirtoaje, MS, 2005) 
53. Let a,b,c be non-negative numbers such that a? + b? + c? = 3. Then 
1 1 1 
<1 
5—2ab 5—2be 5-—2ca 
(Vasile Cértoaje, MS, 2005) 
54. Let a,b,c be non-negative numbers such that a? + b? + c? = 3. Then, 
(2 — ab)(2 — be)(2 — ca) > 1. 
(Vasile Cértoaje, MS, 2005) 
55. Let a,b,c be non-negative numbers such that a+ b+ c= 2. Prove that 
be ca ab 
ee 
a+1l B41 e417 
(Pham Kim Hung, MS, 2005) 
56. Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a® + 3abc b° + 3abc c + 3abc 
(b+ c)? (c+a)? (a+b)? — 


(Vasile Cértoaje, MS, 2005) 
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57. Let a,b,c be positive numbers such that a+ + b4+ ct = 3. Then, 
2 bie 2 
i Se Se 
b c a 
b) a | b? | (oa > 3 
b+e cta a+b” 2 


58. If a,b,c are positive numbers, then 


a—b  b-ce  c-a® _ (a b)2 + (b—c)*? +(e 
a+b ' b+e ' cta — 


(Marian Tetiva and Darij Grinberg, MS, 2005) 


59. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 


a2 b2 Ce 
(2a+b)(Qa+c)  (2b+c)(2b+a) © 


1 
(2c + a)(2c + b) S as 


(Tigran Sloyan, MS, 2005) 
60. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 
1 1 1 Ss 1 
5(a2 + 6?) —ab  5(b? +c?) — be | 5(e2 +a?) —ca ~ a2 +B 4+ 22° 


(Vasile Cértoaje, MS, 2006) 
61. Let a,b,c be non-negative real numbers such that a?+b?+c? = 1. Prove 
that 
ca 


be ab <3 
Ge Pe eee ae 


(Pham Kim Hung, MS, 2005) 
62. Let a,b,c be non-negative numbers such that a? + b? + c? = 1. Prove 
that 
1 1 1 e 9 
34a2—2be | 34+02—2ca) 34+cC2—2ab- 8° 


(Vasile Cirtoaje and Wolfgang Berndt, MS, 2006) 
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63. If a,b,c are positive numbers, then 
Age ae" Apa eo? Ac? — a? — b? 
a(bb+c) + We+a) | cla+b) 
(Vasile Cirtoaje, MS, 2006) 


64. If a,b,c are positive numbers such that abc = 1, then 


3 1 1 1 
+P4+e+6> (at+b+c4 t=). 
2 a b ¢ 
(Vasile Cirtoaje, MS, 2006) 
65. Let a1, a2,...,@n be positive numbers such that aj + ag+---+an =n. 
Prove that 
1 1 1 
aya +. dy ( | fre. 4 n+3) <3, 
ay, ag an 


(Vasile Cértoaje, MS, 2004) 
66. Let a,b,c be the side lengths of a triangle. If a? + b? + c? = 3, then 
ab + be+ ca > 14 2abce. 
(Vasile Cértoaje, MS, 2005) 
67. Let a,b,c be the side lengths of a triangle. If a? + b? + c? = 3, then 
a+b+ce>2-+ abc. 
(Vasile Cértoaje, MS, 2005) 


68. If a,b,c are the side lengths of a non-isosceles triangle, then 


‘iy a+b bt+e , cta oe: 
a—b' b—-c'c—a , 

b) 3 a+ z+ 3 z| > 3. 
G08 be = CF CE a 


(Vasile Cirtoaje, GM-B, 3, 2003) 


69. Let a,b,c be the lengths of the sides of a triangle. Prove that 


a (2 1) +¥(< 1)+2e(¢ 1) 20. 


(Vasile Cirtoaje, Moldova TST, 2006) 
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70. Let a,b,c be the lengths of the sides of an triangle. Prove that 


1 1 1 a b Cc 
+ b4 ( )e : 
(a °) a b ¢ 26 (2 c+a <5) 


(Vietnam TST, 2006) 


1 
71. If a1, a2, a3, a4, 05,46 € Fe v3). then 


V3’ 
aj—a a2 — as ag — a 
1 2 2 seen 6 Seip 
ag+a3z agt+a4 a, + ag 


(Vasile Cértoaje, AJ, 7-8, 2002) 


72. Let a,b,c be positive numbers such that a? + b? + c? > 3. Prove that 


@:=@7 b= 57 C-—? 


ete +e. | a 


a2 +b>4+c2 ' ak +b +5 = 
(Vasile Cértoaje, MS, 2005) 


73. Let a,b,c be positive numbers such that «+ y+ z > 3. Then, 


<1. 


1 1 
gaa aes ep bg ogee BS 
(Vasile Cértoaje, MS, 2005) 


74. Let 21, 22,...,2n be positive numbers such that r172...%, > 1. 
If a> 1, then 


vt 
» a eee ae 
LY + LAr + + Ly 
(Vasile Cirtoaje, CM, 2, 2006) 


75. Let 21, 22,...,2n be positive numbers such that r1272...%p > 1. 


—2 
If n > 3 and ——<a< 1, then 
n—2 


S- oA <1. 
rf t+ae+-+++2n 


(Vasile Cirtoaje, CM, 2, 2006) 
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76. Let 21, 22,...,2n be positive numbers such that r172...%, > 1. 
If a> 1, then 


Bal 
. <1 
OT tg beh Spy 
(Vasile Cirtoaje, CM, 2, 2006) 
77. Let 21, %2,...,%n be positive numbers such that r172...%p > 1. 


2 
If —1 —- ——<a< 1, then 
n—2 


Ly < 
Lets aes 
1 2 In 
(Vasile Cirtoaje, CM, 2, 2006) 


78. Let n>83 be an integer and let p be a real number such that 1<p<n-l. 


pn—-p-—1 
If 0 < 21,%9,...,%, < —————~. such that 7172...x%p) = 1, then 
p(n—p—1) 
1 1 1 n 


l+pzr, 1+ pr 


1+pt, ~1+p' 
(Vasile Cirtoaje, GM-A, 1, 2005) 
79. Let a,b,c be positive numbers such that abc = 1. Prove that 


1 1 1 2 


| > 1. 
(1+ a)? 


(1+b)?2 °° +e? ° 1+aj(1+d)14+0 = 
(Pham Van Thuan, MS, 2006) 


80. Let a,b,c be positive numbers such that abc = 1. Prove that 


a? +b? +c? + 9(ab+ be + ca) > 10(a+b+0). 


81. Let a,b,c be non-negative numbers such that ab + bc + ca = 3. Prove 
that 
a(b? +c?) 


b(c? +.a7)  c(a* +?) 
| > ¥ 
a? + be : 


be+ca | e+ab — 
(Pham Huu Duc, MS, 2006) 


82. If a,b,c are positive numbers, then 


2 2 2 2,724 ,2 
icp tig ee gene: 2018 b* + c*) 
b Cc a a+b+e 


(Pham Huu Duc, MS, 2006) 
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83. If a,b,c are positive numbers, then 


Ge b? ond 5, 3a? b8 +c?) 
b+e ct+a atb™ 2(a2+b? 4c?) - 


(Pham Huu Duc, MS, 2006) 


84. Ifa, b, care given non-negative numbers, find the minimum value E(a, b,c) 


of the expression 


az by ce 
T 


ee ‘z+e4 at+y 


for any positive numbers 2, y, z. 
(Vasile Cértoaje, MS, 2006) 


85. Let a,b,c be positive real numbers such that a+ b+ c= 3. Prove that 


(Vasile Cértoaje, Romania TST, 2006) 


86. Let a,b,c be non-negative real numbers such that a+ b+ c= 3. Prove 
that 
(a? — ab + b?)(b? — be + c*)(c? — ca +. a”) < 12. 


(Pham Kim Hung, MS, 2006) 


87. Let a,b,c be non-negative real numbers such that a+ b+c=1. Prove 


that 
Vat+b?+Vo+24 Veta? >2. 


(Phan Thanh Nam) 


88. If a,b,c are non-negative real numbers, then 


a +b + 3 + 3abce > S > bey/2(0? + c?). 


89. If a,b,c are non-negative real numbers, then 


(1+ a’)(1+b?)(14+ ¢?) > 


ihekbeee. 
2 igiite @ 


(Vasile Cértoaje, MS, 2006) 
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90. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 


(1+a7)(1+b’)(L+c*)(1+d?) > (a+b+e+d)’. 
(Pham Kim Hung, MS, 2006) 


91. If 71, 72,...,2%n are non-negative numbers, then 


2 2 
Ly t+eot--- +4 > (n-1) 741 %2..-En4 ques 
n 
(Vasile Cirtoaje, MS, 2006) 


92. If k is a real number and 21, 2%2,...,%, are positive numbers, then 


(n—1) Ge Porth... e,'t) Peters. By (2f+25+ vee +ah) = 


> (wy ta2+-++ +a) (apt P tag th t+. panthol) | 


(Gjergji Zaimi and Keler Marku, MS, 2006 


93. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 
an bt cA a+b+c 
a+ B+’ B+ae~ 2 | 


8.2 Solutions 


1. Let a,b,c be positive numbers such that abc = 1. Prove that 


ores fete CTD a 
b+1 c+1 a+17~ 


Solution. By AM-GM Inequality, it follows that 


OO fe: ier «/(a+ b)(b+ c)(c+ a) 
i (a3 i$ ae (b+ 1)(c+1)(a+1)° 


Thus, we still have to show that 


(a+ d)(o- @)le-F a) > fab 1)(6- 1) (ert 1), 


Let A=a+b+cand B=ab+bc+ca. The AM-GM Inequality yields 
A>3 and B> 3. Since 


(a+ b)(b+ c)(c+ a) = (a+b+c)(ab+ bc + ca) —abec= AB-1 


